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This paper addresses the problem of controlling a nonlinear plant with a slow actuator
using singular perturbation method. For the known plant-actuator cascaded system the
proposed scheme achieves tracking of a given reference model with considerably less control
demand than would otherwise result when using conventional design techniques. This is
the consequence of excluding the small parameter from the actuator dynamics via time
scale separation. The resulting tracking error is within the order of this small parameter.
For the unknown system the adaptive counterpart is developed based on the prediction
model, which is driven towards the reference model by the control design. It is proven that
the prediction model tracks the reference model with an error proportional to the small
parameter, while the prediction error converges to zero. The resulting closed-loop system
with all prediction models and adaptive laws remains stable. The benefits of the approach
are demonstrated in simulation studies and compared to conventional control approaches.

I. Introduction

In many applications, the plant to be controlled has much slower dynamics than the actuator through
which it is being controlled. That is, the cascaded plant-actuator system can be described as

@(t) f(z(t) +g(x(t))y(?)
ez(t) = a(z(t)) +b(z(t)u(t)
yt) = c(2(t), (1)

where z(t) € R™ is the plant’s state, z(t) € R™ is the actuator’s state, y(t) € R is the actuator’s output,
u(t) € R is the actuator’s input, and ¢ is a small constant. For these types of systems, the singular pertur-
bations method has been successfully used for control design.® This approach requires some interconnection
conditions to be satisfied, which can be imposed directly on the systems under the consideration (See for
example'®) or in terms of Lyapunov functions and their derivatives (See for example!®). The developed
controllers typically achieve local results (stability or asymptotic stability) of closed-loop systems (See for
example Refs.2 68 just to mention a few of them). However, for some systems, global exponential stability
can be achieved.! As it is shown in Ref.,> when the exponential stability is achieved, the actuator’s dynamics
can be neglected and the actuator’s output can be viewed as a control input for the plant. Therefore, the
control design can follow any known scheme that is suitable for the given plant dynamics.

In some applications, the actuator dynamics can be substantially slower than the plant’s dynamics. That
is, the cascaded plant-actuator system is now described by the equations

z(t) = f(x() +g(z(t)y)
e (1) a(z(t)) + b(z(t))u(t)
yt) = c(=(t)). (2)
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This is the case when the specific actuator, which is designed to control the plant in ordinary scenarios,
fails, and the substitute is used to rescue the emergency situation. For example, the aircraft engine can
be used for the directional stability and control of the aircraft when the control surface deflection system
fails. However, the engine dynamics is known to be much slower than the aircraft’s rotational dynamics with
the rudder input. For these types of problems, the actuator dynamics cannot be ignored, and the actual
control input has to be designed to generate the necessary actuator output. In general, the actual control
input depends is inversely proportional to the small parameter, thus resulting in high gain control signal.
Therefore, to generate the necessary torque or force, the actuator may require a control signal exceeding the
physical limits.

The goal of this paper is to show that the application of the singular perturbation method based time
scale separation can avoid demanding high magnitude control signals, and to develop a control algorithm
that guarantees the stable tracking of a given reference command in the presence of modeling uncertainties
and external disturbances.

The rest of the paper is organized as follows. First, we give preliminaries for the singular perturbations
method, then we apply the method to the known plant’s and actuator’s dynamics. Afterwards, we present
time scale separation based control design for the unknown system and provide stability analysis. Throughout
the paper bold symbols are used for vectors, capital letters for matrices and small letters for scalars.

II. Preliminaries

Consider the singular perturbation model (1) with initial conditions x(0) = xo, z(0) = zo. We assume
that the functions f(x) and g(x) are continuously differentiable on some open connected set D, C R™, and
the functions a(z) and b(z) are continuously differentiable on some open connected set D, C R™. Let the
control input have the form u(t) = (¢, x, z), where the function ¢(t,x, z) and its first partial derivatives
with respect to (¢, x, z) are continuous and bounded on any compact subset of x D, X D,.

The model is said to be in standard form if the algebraic equation

a(z) + b(2)p(t, x, z) =0 (3)

has isolated roots for all (¢, ) € [0,00) x D,.
Let z = h(t,x) be an isolated root of (3). The system

&(t) = f(x(t) + g(xt)h(t =), =(0)==zo (4)

is called a reduced system. Denote the solution of (4) by &(t).
Introduce a change of variables & = z — h(t,x) and t = e7. The system
dg(r) _ _
where (t,x) € [0,00) x D, are treated as fixed parameters, is called a boundary layer system.

In this paper, for the stability analysis of the closed-loop systems, we will use the following version of
Theorem 11.2 from Ref.’

Theorem 1 Consider the singular perturbation problem for system (1) with initial conditions x(0) = xo,
z(0) = zg and control input u(t) = p(t,x,z). Let z = h(t,x) be an isolated root of the algebraic equation
(3). Assume that the following conditions are satisfied

e The functions f(x) and g(x) are continuously differentiable on D, ;
o The function a(z), b(z) and c(z) are continuously differentiable on D.,;

e The function o(t,x, z) ant its first partial derivatives with respect to its arguments are continuous and
bounded on any compact subset of Dy X D,;

e The origin is an exponentially stable equilibrium point of the reduced system (4), Ry is the region of
attraction;

e The origin is an exponentially stable equilibrium point of the boundary-layer system (5), uniformly in
(t,z), R, is the region of attraction.



Then, for each compact set Q, C R, and 2, C R, there is a positive constant €* such that for all t > 0,
g € Oy, z0 — h(0,20) € Q, and 0 < & < &*, the singular perturbation problem (1) has a unique solution
x(t,e), z(t,e) on [0,00), and

x(t,e) —@(t) = O(¢) (6)
holds uniformly for all t > 0. Moreover, there exists a time instance T(e) such that
z(t,e) — h(t,z(t)) = O(e) (7)

holds uniformly for all t > T'(e).

III. Problem Formulation
Consider a single-input single-output system

&p(t) = Apzp(t) + by [fp(xp(t) + gp(Tp(t))ya(t) + dp(t)]
yp(t) = C;;rwp(t) ) (8)

with the initial conditions 2(0) = x,0, where ;, € R is the plant’s state, f,(x;,) and g,(x,) are continuously
differentiable unknown functions representing the modeling uncertainties, and y,(t) € R is the control effort
generated by a slow actuator. It is reasonable to assume that the actuator’s dynamics are stable, minimum
phase and of known relative degree r, and are described by the system

5_1iba(t) = Auxa(t) + by [wu(t) + fa(ya(t), p,) + da(t)]
Ya(t) = cqmalt) 9)

with initial conditions x,(0) = x,9. Here, , € R™ is the actuator’s state, A, is a Hurwitz matrix, the
transfer function G,(s) = ¢] (sl — A,)71b, has stable zeros, ¢ is a small parameter, w € (0, 1] represents
the possible reduction in actuator’s control effectiveness, f,(yq,Dp,) is a continuously differentiable function
representing the modeling uncertainties, u(t) is the actuator’s control input, and time signals d,,(¢t) and d,(¢)
represent unknown external disturbances.

We notice that the actuator’s dynamics do not depend on the plant’s state to be controlled. However,
the dynamics may depend on other external variables, which are lumped into the parameter p,. In general,
the actuator’s state is not available for feedback. Therefore, the actuator related part of the overall control
design must be considered in output feedback framework, assuming that the signal y,(t) is available for
feedback.

To guarantee the controllability of the plant, we also assume that the pair (4,,b,) is controllable, the
pair (Ap, cp) is observable, and the function g,(x,) never crosses zero. Without loss of generality, we take
gp(xp) as a positive function, that is, there exists a positive constant go such that g,(z,) > go > 0.

The control objective is to design an input signal u(t) for the actuator such that the system’s output
yp(t) tracks the output of a given reference model

Em(t) = Ap@n(t)+bhye(t)
ymlt) = cTan(t), (10)

with initial conditions @,,(0) = @0, where y.(¢) is an external command that is bounded with its first
time derivative. Here, A,, is a Hurwitz matrix of the form A,, = A, — b,k for some control gain k, and

b, = vb, with v = (c;Ajnlbp)fl. Since A,, is Hurwitz, there exist a symmetric positive definite matrix P
such that

Al P+ PA,, = -Q (11)

for some symmetric positive definite matrix Q.



IV. Control design for known systems

In this section, we show that the magnitude of a control signal designed by the proposed time scale
separation based algorithm is smaller than the magnitude of a control signal generated by the conventional
algorithms by a term that is of the order of e~!. For comparison, we use backstepping design,” which is well
suited for the cascaded system comprised of the dynamics in (8) and the actuator dynamics (9). To this
end we assume that the systems under consideration are known and disturbance free. Also, for the purposes
of this section we assume that the functions f,(x,), g,(x,) and ga(y.) are sufficiently smooth, and the
reference command and its sufficiently many time derivatives are bounded. In this case, for convenience we
write the actuator dynamics in the following normal form!©

e lEl(t) = Apxl(t) + bo[—k, x4 (t) + v(t)]
eTIEL() = AGES(H) + bLal(t)
alt) = coxl(t), (12)

where ¢ € R" is the portion of the actuator’s state corresponding to the chain of r integrators represented
by the triplet (¢ € R", A9 € R"™*", by € R") having the form

1 0

0 I,
A: T ,C: . 7b: . 5
0 [O O] 0 : 0 :

0 1

& € R™" is the actuator’s internal state, and the eigenvalues of A§ € R(m=m)x(m=7) are the stable zeros
of the actuator’s transfer function G,(s). For the notational simplicity, we introduce a new control variable
v(t) = bwu(t) + bga(ya(t), p,), where b # 0 is the high frequency gain. Since the function go(z.,p,) and
parameters w and b are assumed to be known, u(t) can be readily computed after designing v(¢).

Let the tracking error be e(t) = xp(t) — € (t). Its dynamics can be written as

(t) = Ame(t) + by [, (1) + fylp(0) + 9o @y (1) a(t) — vie(t)] (13)

Since for the error dynamics (13) there exists a continuously differentiable feedback control law in the form

va(t) = a1 (t.@,) = g5 (@ (1)) [~k @, (1) = fyl@p(t)) = ()] | (14)
that guarantees that the derivative of the radially unbounded Lyapunov function
Vi(e(t)) = e’ (t)Pe(t) (15)
is negative definite for all e € R™
Vi(t) = —e' (t)Qe(t) <0, (16)

the linear block backstepping lemma (Lemma 2.23) from Ref.” can be applied. To be prepared for that
application, we introduce change of variables z¢(t) = Tz¢(t), where T¢ = diag(1,¢,...,"~!). In these new
variables, the first equation in (12) takes the form

() = zia(), i=1,...,r=1
et = —k,ma(t) +o(t)
Yalt) = 2(t). (17)
Denoting n;(t) = 2{(t) — a;(t,x),7 = 1,...,r, where the stabilizing functions «;(¢,x,) are defined as
ar(t,wy) = —Am(t) +da(t, @) — eT(t)Pbpgp(wp(t))

Oéi(t, iltp) = _)\i—lni—l(t) — ’I]i_g(t) + di_l(t, iltp) , 1=3,...,1, (18)



and \; > 0,i=1,...,r — 1 are design parameters, the error system is written in the form

e(t) Ame(t) + bpgp(wp)nl (t) 0
1 (t) —Mm () +na(t) — €' (1) Pbypgy () 0
. = . + . Mr (t)
nr—1(t) —Nr—2(t) = Ar—1mr—1(t) 1
& (t) F(t,z) g
e (1) = —k,xa(t) — e (t,xy) + v(t) (19)
We define the control law as
up(t) = k;r:va(t) — A (t) — e o1 () e (t @), (20)
where A, > 0 is a design parameter. Then the closed-loop error system is reduced to
x(t) = f(t.z@))+gn-(t)
e " (t) = =Ame(t) —e "1 (t) . (21)

Lemma 1 The control signal (20) guarantees the boundedness of all closed-loop signals and the exponential
convergence of the errors e(t) and n;(t),i=1,...,7 to zero.

Proof. Consider the following candidate Lyapunov function
Va(e(t),n(t)) = Vi(e(t)) + 17 (t) + - +ni(t). (22)
Its derivative can be readily computed to satisfy the inequality
Va(t) = —e " ()Qe(t) = A (t) — - = Apmriy_y (£) — ey (1) < —pVa(t) (23)

for all e(t) € R™ and z(t) € R, where 1 = AL (P)min [AL] (@), A1, ..., Ap—1, —€" A ] With Apax(P) denoting
the maximum eigenvalue of the matrix P. Since V5(¢) is radially unbounded, the inequality (23) implies
the global exponential stability of the system (21). Since the reference input y.(t) is bounded, from the
boundedness of e(t) and x,, () the boundedness of x(t) follows. Therefore, a(t, ) is bounded, implying the
boundedness of z¢(t). Therefore, the state ¢ (¢) is bounded. Then, the boundedness of internal state & (¢)

follows from the input to state stability of the actuator’s internal dynamics. O

Remark 1 We notice that the control signal uy(t) is comprised of two parts. The first part does not contain
high gain and is designed from the perspective of retaining the slow mode of the actuator’s dynamics, since
it cannot be altered without a high magnitude input signal. The second part is inversely proportional to the
small parameter € and is designed to cancel interconnecting terms. This part is a potential source of the high
magnitude command that can exceed the actuator’s physical limits.

Next, we apply singular perturbation method to the cascaded error system (19), and introduce a new
(slow) time variable 7 = €"t. Ignoring the actuator’s input to state stable internal dynamics and substituting
7 results in the following system

()

e~ = flna)+gn(n)
d r d T )
mr(7) = —k z.(r) +0(r) — day (1, ) . (24)
dr dr
This is a singular perturbation problem. It is in the standard form if the algebraic equation
f(r.) +gne(r) =0. (25)

has isolated roots. Here we are concerned about the conditions of the existence of the isolated roots in
general. For our purposes it is sufficient to note that the equation (25) has a root x* = [e = 0,11 =



0,...,0r—2 = 0,m—1 = A*n.(t), which we denote by x* = h(t,7,). Introducing a change of variables
¢(7) = x(r) — h(t,n,), the boundary layer system is obtained from the first equation in (24) as follows

d¢(t)

—= = f(t,¢(t)). 26

> = fir¢) (26)

It is easy to see that the system (26) has an equilibrium at the origin. The reduced system takes the form
dne(t) o7 da (7, )

— = “kaza(r) +o(r) - T‘e:h(tm) . (27)

Unlike the previous case, here the control signal v(7) is designed to stabilize only the reduced system (27)
and has the form

vp(t) = kzwa(t) — A (t) + 7" (2, wp)|e:h(t,m) . (28)
Applying the control signal v, () results in the following closed-loop reduced systems in the real time scale ¢
ne(t) = —"X\ne(t), (29)

which has a globally exponentially stable equilibrium at the origin (r,, = 0).

Lemma 2 Under the control action (28), the singular perturbation problem (24) with initial conditions
€0, 1n1(0),...,1m-(0) has a unique solution e(t,e), n1(t,e),...,n:(t,€), which satisfies the relationship

nr(t,e) — e (t) = O(e) (30)

for all t > 0, where 7, (t) is the unique solution of the reduced system (27) with the initial condition n,(0) =

28(0) — (0, 0). Further, there exists a time instance T such that the relationship

x(t,e) = O(e). (31)
holds for all t > T*. Moreover, all closed-loop signals are bounded.

Proof. Consider the candidate Lyapunov function
Va(e(t),n(t) = Vile(t)) +ni(t) + -+ (t). (32)

Its derivative along the trajectories of boundary layer system (26) can be easily computed to satisfy the
inequality

V3(C(t), 2(8)) < —uVa(C(2), 2(1)) (33)

with g = Ayl (P) min [A;}H(Q), ALy, Ar—1], which implies the global exponential stability of the boundary
layer system. The smoothness and boundedness conditions of Theorem 1 follow from the assumptions
imposed in this section. Therefore, from Theorem 1 it follows that (30) holds for all ¢ > 0, and there exists
a time instance T'(g) such that the relationship

(t,e) — h(t,n,(t)) = O(e) (34)

holds for all t > T'(¢). From the exponential stability of (29) it follows that there exists a time instant T}
such that n,.(t) = O(e) for ¢ > Ty. Then, from the definition of h(t,z(t)) it follows that the relationship
h(t,z(t)) = O(e) holds for ¢t > Ty. Therefore (33) holds for ¢t > T™*, where T* = max[T'(¢), T1]. From the
above relationship and the boundedness of the reference model (10) it follows that the plant’s state x,(t) is
bounded, implying the boundedness of the stabilizing functions «;(t, z,),i = 1,...,r. Since n(t) is bounded,
the boundedness of z¢(t) follows, implying also the boundedness of the actuator’s state x¢(t). From the
properties of the actuator’s internal dynamics it follows that the internal state &€ (¢) is bounded as well. O

Remark 2 Instead of the exponential tracking achieved by the backstepping control vy(t) (20), the control
law vp(t) (28) achieves only e-tracking for the original error dynamics, with a transient time greater than
T*). However, the latter control signal has a smaller magnitude than the former one. To see this, we first
notice from the continuity of the function &(t,x) that &(t,x) — &(t,)|e=p(t,») = O(€). Taking into account
the relationship (80), we can write

up(t) — vp(t) = O(e) — ™1 () (35)

which implies that the two control signals differ by the high gain term e~ "n,_1(t), which is inversely propor-
tional to e” and comes from vy(t) (20).



V. Control design for uncertain systems

In this section, we solve the same control problem assuming uncertain plant’s and actuator’s dynamics
that are also subject to external disturbances d,(t) and dq(t) respectively, which have bounded derivatives.
To be precise, we assume that the parameter w, matrices A and A,, vector b,, and continuously differentiable
functions fp(xp), gp(€p), ga(ya) are unknown. The control objective is to design a control law that uses the
plant’s state x,(t) and the actuator’s output y,(t) for feedback to achieve tracking of the reference model
(10).

As in conventional adaptive control, using the universal approximation theorem, we approximate the
unknown functions by radial basis functions networks on compact sets €1, and €,

fp(wp) = 'w-fr‘Pf(wp) + 5.7‘(331))
gp(Tp) = w;]rcpg(wp) + 59($P)
9a(Ya:Po) = ’waTgoa(ya) +0a(Ya) s (36)

where d7(x,), 04(xp) and d,(y,) are the approximation errors, uniformly bounded by positive constants 7%,
0, and J7; respectively. Using the relationships (36), the error dynamics (13) can be written as

é(t) = Ame(t) + by, kTwp(t) + 'w;‘r‘Pf(wp) + w;gog(wp)ya(t) +op(t, ®p, ya) — vye(t)| (37)

where 0, (¢, p, Ya) = 05 (xp(t)) + dg(2p(t))ya (t) + dp(t) is the combined disturbance term, which is uniformly
bounded by a positive constant o} as long as @, (t) € Q, and y,(t) € Q.

In this section, we assume that the actuator’s dynamics has a relative degree m —r+ 1 and is represented
in the following observer canonical form

e laa(t) = Aoxa(t) — qualt) + ba [u(t) + ga(Ya(t), Pa) + da(t)]
va(t) = egaalt), (38)

where Ay and ¢y are defined similar to definitions in the previous section with r replaced by m, g € R™ is an
unknown constant vector, and b, = [0 ... bgm—rt1 --- bam]—r. Since the actuator’s dynamics is of relative
degree m — r 4 1, the by m—r41 is not zero. Let it be positive. Taking into account the approximation in
(36), the dynamics of x,(t) is written as

e @, (t) = Aoza(t) — qya(t) + ba [u(t) +w, ¢, (Ya) + oalt, ya)] : (39)

where 04 (t,Ya) = Ja(Ya) + dq(t) is the combined disturbance term, which is uniformly bounded by a positive
constant o as long as y, € £y, .

To avoid generating high gain control signals we again apply the singular perturbation method. However,
the method cannot be directly applied, since the exponential stability properties for the resulting boundary
layer and reduced systems cannot be establish in the adaptive control framework without parameter conver-
gence. The latter can be guaranteed only for sufficiently rich regressor or input signals, which in general is
difficult to verify a priory. As an intermediate step, we follow the approach from Ref.* and design suitable
prediction models for which the exponential stability properties can be guaranteed, and hence Tikhonov’s
theorem can be applied. The control objective is met when the closeness of the prediction models to the
corresponding dynamics is established. This will be done by the choice of adaptive laws independent of the
control design.

A. Prediction models

We consider the following prediction model for the plant’s tracking error dynamics
2 . ~T N N N N .
e(t) = Ané(t) + b |k (a(t) + @ (D) (@) + g (1), (@)da(t) + 6,(1)sign (1) —vye(t)| ,  (40)

where the initial conditions &(0) is chosen identical with e(0), ¥(t) = [e(t) — &(t)] " Pb,, and all variables
with "hat” are the estimates of the corresponding variables without ”hat”, and are available for the control



design. Let the prediction errors be é(t) = e(t) — &(t). Its dynamics can be written in the form

B(t) = Ame(t) +by[k ()z,(1) +wf (t)pyp(ay) + W (1)ey(@p)yalt)
+ Wy ()9, (2)Ta(t) + op(t 2y, ya) — Gp()sign (v(1))] (41)

where we introduce parameter estimation errors k(t) = k — k(t), w(t) = wy — (1), Wy(t) = wy — w,(t),
ap(t) = o — Gp(t).

To be able to introduce a suitable prediction model for the actuator dynamics in (39), we re-parameterize
them following conventional adaptive observer-estimator scheme (see for example? 1®) and introduce filters

e B(t) = (Ao —bkg)By(t) + b ya(t), B1(0) =
TBy(t) = (Ao —bkg)By(t) + b ult), By(0) =0
5_1B3(t) = (Ao — bokg)ﬁs(t) + booa(t, Ya):  Bs(0 )
e '2(t) = (Ao —bkg)E(t) + b0 (va), E(0) = (42)

where 8° = [0 ... 15, ... b%]" is chosen such that the pair (Ao, b") is controllable and the polynomial

s 4 b0, s 4o 100, is Hurwitz, and the vector ko is chosen such that the matrix Ay — b%kq is
Hurwitz. The actuator’s output y,(t) is represented as

Ya(t) = ] w1 (t) + 0y wa(t) + w]ws(t) +o4(1), (43)

where ¥; € R™ and Y1 = [bam - .- ba7m_r+1]—r € R" are unknown constant parameters to be estimated
online, w1 (t) = B (t), wa(t) = [Ba1(t) ... Bor(t)], ws(t) = ¢f Z(t) and o4(t) = cg B5(t). Since the filters
are stable from the boundedness of the inputs the boundedness of the outputs follow. That is of(t) is
bounded by some positive constant o} since 04(t,ya) is bounded and the vector function w3(t) is bounded
since the RBFs are bounded. The prediction model for the actuator dynamics in (39) is introduced as

Ja(t) = D) (w1 () + By (Dwa(t) + ] (Hws(t) + o7 (Dsign((t)) , (44)

where again the variables with "hat” are the estimates of the corresponding variables without "hat”, and
Ja(t) = ya(t) — §a(t) is the prediction error, which is given by the equation

Ga(t) = D1 (i () + By (Dws(t) + i (Dws(t) + o5 () — 7 (D)sign( (1)), (45)

where ’l~91 (t) = ’191 — 191 (t), ’l~92 (t) = ’192 — 192(t) and ﬁ)a(t) = Wq — ﬁ)a(t).

Since g(xp) is assumed to be positive, the neural network approximation (36) can be chosen such that
the unknown weights w, are positive.!! The RBFs can be chosen to be positive as well. Then the product
w, ()@, (xp) is always positive. Therefore, it is reasonable to design the adaptive law such that all compo-
nents of ,(t) are positive. This will be done by means of the projection operator.!? In the same fashion,
since ¥, > 0, the adaptive law for 192,T( ) is designed to keep it positive. Having this in mind, we design
the adaptive laws for the estimates k(t), w f(t), W, (t), 6, (t) as follows

op(t) = yIp(t)

k(t) = ya,(t)()

wi(t) = vep@)Y(t)

wy(t) = AAL{ay(t), ya(t)p,(xp)v (1)} (46)

where v > 0 is the adaptation rate, IT{-,-} denotes the projection operator,'? introduced here to keep the
estimates W, (t) bounded away from zero.

The adaptive law for 1§2m(t) is defined by means of the projection operator.

Dop(t) = AT (Dar(t), Galt)was (t) + 0] (e (@)t (1)) - (47)



The remaining adaptive laws are

91(t) = la(wr(t) +vi] (D, ()Y (e (1)

Dailt) = (FaBwai(t) + g (Depy (Y (Oni®)), i=1,..7 =1

alt) = ia(lws(t) +70] (Hp, ()0 (ws ()

Gr(t) = Aalt)] + 18] (Dp, (@) l()]. (48)

where the projection operator II (-, ) is introduced to keep &(t) positive.
The following lemma guarantees the closeness of the prediction models to the corresponding dynamics.

Lemma 3 The adaptive laws (46), (47) and (48) guarantee boundedness of the estimates k(t), wy(t), wy(t),d,(t)
as well as 191(t),ﬁ)a(t),{91(t),6f(t) and the prediction errors é(t) and §o(t). Moreover, é(t) € Lo and
ga (t) € L.

Proof. Consider the following candidate Lyapunov function
Valt) = & OPe(t) + 7 (0 — 6p(0)F + (k) + ] (1), (1) + g (1), (1)
+ D (O)D1(1) + Dy (B)Da(t) + ) ()ia(t) + (0 — 67(1)%] . (49)

The derivative of V4(¢) is computed along the trajectories of systems (41), and (46) and (48).

Valt) = eT(OIALP + PALJe(t) + 2T (Pby [k (D, (t) + B (s(2y) + ] (0, (@p)yalt)
oy (0, (@)[9) (Dwi(t) + Dy (ws(t) + ] (B (1) + 0(8) = 65 (sign(Gu(t)] + 03t 2.
— GpOsign((0)] + 2971 [~ (07 = 6 (1)G,(t) — B (Ok(E) — @] ()i (1) — @] (1o (1)
L (B 192()192() ) (t)ioa(t) — (o} = 57(6)54 (1)
W, (D[(0) (@p)ya(t) =7 g (1)] + 207 (O (@) — 7 Mo, (1)
2k (O[O (0) — 7 k()] + 26O (1 ya) = G OIGO] =77} = 550G (1)
20, (N1, (e, (@p)x (1) =7 91(0)] + 2] (NP (E)iv, (), (@p)ws(t) — 7 doa(t)
20:(6)[(1)0) (e, (wy)wa(t) =7~ Da(8)] + 20(t)io] (1)p, ()71 (1)
— 2] (N, ()3 é(0)] + 205] (e, ()10} — 5 O(D] - 297 (0 — 353 (0)] (50)
Substituting the adaptive laws and taking into account the properties of the projection operator!'?
@] (1) [ya()py ()0 () = T {ioy (1), yalt)ep,(2)(t)}] <0 (51)
Fap(t) [Fa(Owsr(t) + Wy (D)@ (@) (8) = TT{Dap (1), Gulbhwae (1) + g @y (@)0 (D2 (1) }] <0,
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we obtain
Va(t) < —&" (H)Qe(t) + 2¢(1)ap(t, Ty, ya) — 26, (1) (1)] — 27a(t) [{%T(t)wl(t) + 0, (Hws(t) + W, (t)ws(t)]
+  29(t )w;(t)wg(wp)fff(t) — 2, (1), (@p)0}1b(8)] — (0F — 67 (t))|Fa(t)] - (52)

We notice that 1 (t)o, (t, ®p, ya) — o, [¢0(t)] < 0, and w(t)w;(t)cpg(mp)of(t) —ﬁ;;(t)cpg(wp)a;h/}(tﬂ < 0, since
ﬁ;;(t)cpg(wp) is positive by construction. Moreover, from the adaptive law in (48) it follows that 6,(¢) > 0
as long as 6¢(0) > 0. Therefore the following inequality holds

(07 =65 (D)ga(t)] = o7 (t)Fa(t) — &7 (t)sign(¥(t))a(t) - (53)

Taking into account the inequalities above and the error definition (45) we obtain

Va(t) < —e'(t)Qe(t) —ga(t), (54)



which implies that the error signals &(t), k(t), w(t), w,(t), oy — Gp(t), 91(t), Wwa(t), O2(t) and ot —a¢(t)
are bounded. Then, the estimates k(t), w(t), wy(t), 6,(t), D1(t), Wa(t), F2(t) and 6 (t
well. At this moment we cannot conclude anything about the boundedness of é(t), e(t), Ja

However, we can integrate the inequality (54) and obtain

are bounded as
t), Ja(t) or yu(t).

T

t
| €7 0ae) + 2(ldr < Vi) - Vao). (55)

0
From Lemma 2 it follows that V,(¢) is bounded, therefore é(t) € L2 and g,(t) € Lo. O

B. Adaptive control design
We are interested in designing a control signal u(t) for the cascaded system

et) = Awelt) +b[k' (a(t) + @] (@) + iy (ey(@)ia(t) + Gp(O)sign((t) — vye(t)]

e7By(t) = (Ao — b kg )Bs(t) + 00u(t) (56)

where . (t) = " (t)x, (t) + ba(1)Bo(t) + W, ()X, (t) + 65(t)sign(x(t)), such that &(t) — 0 as t — oo. We
notice that the second system in (56) is of relative degree r, stable and minimum phase. Therefore, it can
be represented in the normal form

e lWa(t) = Aowal(t) + bo[—k, B,(t) + u(t)]
eTE () = AGEL(H) + biwal(t), (57)

where the triplet (¢ € R", Ag € R"™*" by € R") is the normal form of representation of chain of r integrators,
and the eigenvalues of Af € R(m=m)x(m=7) are the stable zeros of the minimum phase transfer function
G(s) = cg (esl — Ag + bokzoT )b°. The control design besides the tracking task must guarantee also the
boundedness of wy(t). Then the boundedness of £ (t) will follow from the input-to-state stability of the
internal dynamics.

To this end consider a change of variables 2°(t) = T,wa(t), where T, = diag(1,¢,...," ). In these new
variables, the second equation in (56) takes the form

2(t) = z)@), i=1,...,r—1
—k) T2 20(t) + u(t) . (58)

® |
3
N
Q
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~
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|

We notice that
W (t)p,(2)ia(t) = W, ()@, (z) [QT(t)xl(t) + G820 (t) + o, (E)xa(t) + 0 ()sign(y(t)) |,

where the inequality &(t) > 0 is guaranteed by the adaptive law (48). Therefore, we design the stabilizing
function z{(t) = &1 (t, xp) for the tracking error prediction model as follows

~T

hritay) — R Ol) =] (O (,) = 6 OsiE0) + vyt
n Do (t)i, (£)p, (@)
Cd Oxa() oy (Dxs(t) + 65(B)sign((t)) (59)
Do (t) ’

If we introduce the variable 7;(t) as in the previous section, that is 71(¢) = 2{(t) — &1 (¢, zp), the error
prediction model takes the convenient form

bt) = Anélt) +bi] (g, (@,)m(t). (60)

However, the dynamics of n; (t) involves the derivative of &4 (¢, p), which is not available in this case because
of unknown terms in the plant’s dynamics. One remedy for the situation is the command filtered approach



presented in.? Following Ref., we first filter the stabilizing function &1 (¢, z,) through a second order stable
filter

le(t) = wazlg(t)
Zlg(t) = —2Cawaz12(t) — Wy [le(t) — ﬁl(t, .’Bp)] y (61)

then use the error variable 7j; (t) = 29(t) — z11(t) instead of 11 (¢). The tracking error prediction model now
can be written as

e(t) = Apné(t) + bytog (1o, ()i (1) + by, (), (ap) 211 () — éa (t )], (62)
The compensated error &(t) = &(t) — &(t), where £(t) is defined according to equation
E(t) = An€(t) + byloy (g (@) 11 (1) = da(t, @) +Ear (8], (63)
satisfies the equation
e(t) = Ape(t) + byt (1), () (1), (64)
where 71 (£) = 71 (t) — €a1(t), €a1(t) is to be defined in the next step.

Following the block-backstepping” and command filtering® procedures, the stabilizing functions é;,i =
2,...,r are defined as follows.

da(twy) = —Auii(t) +waza(t) — (€(t) = §(1) T Pbyivg (1) ()
di(t, wp) = _)\i—lﬁi—l(t) - ﬁi_z(t) + wazi_l,g(t) , 1= 3, ey Ty (65)

where 7);(t) = 20(t) — zi1(t), 21 (t) is generated through the stable command filter

21’1 (t) = WaZi2 (t)
Zig (t) = —QCQWQZQ (t) — Wa [Zil(t) - dl (t, wp)] . (66)
The prediction models (56) in terms of error signals 71 (¢), ..., 7%-(t) can be written in the following compact
form
e(t) Ame(t) + byloy (1), (@) (t) + bpw;r(f)sog(wp)[zll () = an(t,zp)] 0
7 (t) | M)+ iz(t) = (e(t) = E(1) T Pyt () (@) + 221(t) — Ga(t, zp) N 0 )
ﬁT*l(t) _ﬁrf2(t) - /\Tflﬁrfl(t) + Zrl(t) - dT(tv mp) 1
®(t) F(t,®) g
(L) = —e TE(t) +ult) — kg T 120(t) (67)
The compensated error is defined as 7;(t) = 7 (t) — £qi(t), where £,;(t) is generated by the dynamics
Lai(t) = —Nbailt) + zip1a(8) — Qilt, @) + Eaina (), i=1,7—1
éa.,r = 0. (68)

From the above constructions it follows that 7, (t) = 7,(t). The dynamics of the compensated error can be
written as

M) = —Mm(t)+na(t) — e (t)Pbyiv, (t)p,(z)
' — i1 (t) = N (8) + TGigr (1), i=2,...,r—1
() = —e Ta(t) +ult) — kg T 20(t) . (69)

P
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We apply the singular perturbation method to the cascaded system

e(t) Ame(t) + byt (D), ()7 (1) 0

n@ | | Ao +m - '<t>Pb pirg (Oeg(@) | 0]
ﬁrfl(t) _777“72@) - )‘rflﬁrfl(t) 1

- - ‘Y—/

z(t) F(tz) 9

ETH(t) = —e i (t) +u(t) — kT, 20(1) (70)

by introducing slow time variable 7 = £"t. In the slow time the systems are written as

O Fw) gm0
dﬁ;T(t) = —dzzllT(T) +ult) — kg T, 2°(0) (71)

This system is in the form of the standard singular perturbation model, if the algebraic equation

F(t,®) + g (t) =0 (72)
has isolated roots. We are not concerned about finding all the roots of the equation (72), but we are interested
intheroot z*=e=0 ;1 =0 ... G2 =0 71 = A 177T( )]T, which we denote by * = h(t,7,).

Introducing a change of variables {(7) = &(r) — h(t,7,), the boundary layer system is obtained from the
first equation in (71) as follows

d¢(t - _ __ 7
WO _ Ft.¢+ hita) + a0(0) = F10.0). (73)
The system (73) has its equilibrium at the origin. The following lemma shows that it is globally exponentially
stable.

Lemma 4 The boundary layer system (73) is globally exponentially stable.

Proof. Consider a candidate Lyapunov function

Vs(t) = e (t)Pe(t) + i (t) + - + i1 (t). (74)

It is straightforward to compute its derivative along the solutions of system (73). After some algebra we
obtain

Vs(t) = —e' ()Qe(t) = Mt (t) — - = Areaile_y (1) (75)

Denoting p = AL, (P) min [)\mm(Q) A1, Ar—1] the following inequality can be readily derived

Vs(t) < —pos(t) (76)

which along with the radial unboundedness of V;(t) implies the global exponential stability of (73). O
The reduced model is derived from the second equation in (71) by substituting &(7) = h(7,7,) and € = 0.
Since the only term kg T, *2°(t) does not explicitly depend on Z, we can write the reduced system in the
form
di- (1) dze(T)

_ . Tp—1_0
L = T () — R 1) (77)

The control signal v(7) is designed in the actual time scale as
u(t) = =it () + kg T, ' 20() + e "wazra(t) (78)
which in the actual time scale results in the following closed-loop reduced system

n(t) = —e"\i(7). (79)



Obviously the reduced system has a globally exponentially stable equilibrium at the origin. The rest of the
conditions of Theorem 1 follow from the smoothness and boundedness assumptions imposed on the reference
input, as well as on the plant’s and actuators’s dynamics. Therefore, for all ¢ > 0 the singular perturbation
problem (71) has a unique solution Z(t,¢), 7,(t,e) with initial conditions &(0) and 7,(0)) respectively, and
the relationship

e (t,€) = e (t) = O(e) (80)

holds, where 7, (¢) is the unique solution of the reduced system with initial condition 7,(0) = 22(0) — z-1(0).
Moreover, there exists a time instance T'(¢) such that the relationship

©(t,e) — h(t, 0, (t)) = O(e) (81)

holds for all t > T'(¢). From the exponential stability of (79) it follows that there exists time instant 7} such
that 7,-(t) = O(e) for t > Ty. Then, from the definition of h(t,7,(t)) it can be seen that the relationship
h(t,7-(t)) = O(e) holds for t > Ty. Therefore,

Z(t,e) = O(e) | (82)

holds for ¢ > max[T'(¢), T1]. Next, we apply the result of Ref.?> to the error systems (19) and (67). Since
Z(t,e) = O(e) and 7, (t) = O(e) for all ¢ > max[T'(¢), T1], it can be shown that

&(t,e) = O(e) + 0w 1)
ir(te) = O(e) +O(wa") (83)
for all t > max[T'(g),T1], where [&(t, <) 7,-(t, )] is the solution of the error prediction system (67).

From (83) it follows that é(¢) and f(t) are bounded. Then, from Lemma 2 it follows that e(t) is bounded.
Since the reference command y.(t) is bounded, @, (¢) is bounded, implying the boundedness of x,(¢). Since
Lemma 2 guarantees the boundedness of the parameter estimates, it follows that the stabilizing functions
a;(t,xp),i =1,...,r are bounded, implying also boundedness of (z;1(t), zi2(t)),i = 1,...,r. Then from the
definition of error signal 7(¢) it follows that z°(¢) is bounded, implying the boundedness of §,(¢t) and B4 (¢).
Then the control signal u(¢) is bounded as well. From the the definition of §,(¢) (44) it follows that w1 (¢) is
bounded, hence 3, (t) is bounded. Then from the filter equation (42) it follows that y4(t) is bounded. That
is, all closed loop signals are bounded. Therefore, &(t) and 7, (t) are bounded. From the Barabalat’s'* it
follows that é(t) — 0 and §,(t) — 0 as t — oo.

The obtained results are formulated in the form of the following theorem.

Theorem 2 Consider the uncertain plant (8) and slow actuator (9). The adaptive controller given by (28),
along with the stabilizing functions (14) and (18), auziliary filters (61) and (66), the prediction models (40)
and (44), and the adaptive laws (46), (47) and (48), guarantees that the plant’s output tracks the output of
the given reference model (10) with the error directly proportional to the small parameter in the actuator’s
dynamics and inversely proportional to the frequency of the filters (61).

VI. Simulation Example
We demonstrate the benefits of the approach on a first order unstable system
dp(t) = ap(t) +aalt), (84)
controlled by the actuator
ia(t) = —0.1(zq(t) —u(t)). (85)

For this simulation, the control objective is to track a reference command y.(¢t) = 1. That is e(t) = z,(¢) — 1.
The control signal u(t) takes the form

n(t) = zq(t) + ame(t) + z,(t) (86)
up(t) = —kan(t) +za(t) — e te(t) —e " {ale(t) — amn(t) — 2z, () [22(t) + za ()] }
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Figure 1. Output tracking performance for different control strategies.

whereas the signal u,(¢) has form

wy(t) = —kan(t) + za(t) + &1 {2 (in(t) + 1)3 +aa(t) (ain(t) + 1) } .

m m

Figure 1 displays the tracking performance for three controllers: feedback linearization, backstepping
design and proposed design with time scale reparation. For the backstepping design and proposed design
the control gains are the same: a,, = 3, k, = 1. For the feedback linearization the control gains are chosen
such that the eigenvalues of the resulting error systems are the same. As it can be seen from the plots the
tracking is almost the same. The actuator’s output performance is displayed in Fig. 2 and the control signals

Actuator output

0.4

Feedback linearization
----- Backstepping
Singular perturbations 1

Figure 2. Actuator’s output performance for different control strategies.

are displayed in Fig. 3. As it can be seen the magnitude of the control signal generated by the singular
perturbations method based approach is substantially smaller the that of generated by feedback linearization
and backstepping design.

We notice that with the control signal u,(t), the error system that is comprised of the boundary layer
system and reduced system has eigenvalues —3 and —0.1. Next we run the simulation for the feedback
linearization and backstepping approach with the gains chosen such that the error system has poles at the
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Figure 3. Control signals for different control strategies.

same location. The tracking performance and the corresponding control signals are displayed in Fig. and
Fig. respectively. As it can be seen from the figures the tracking is sluggish for both designs, as it is expected,

though the control signals have smaller magnitude.
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Figure 4. Output tracking performance for backstepping and feedback linearization with poles at —3 and —0.1.

VII. Conclu

We considered a problem of controlling a plant with a slow actuator.

sion

It has been shown that the

singular perturbations method can be applied for this problem. The resulting control signal has substantially
smaller magnitude than one generated by conventional design technique, although the tracking error can be
guaranteed to be only bounded with the bound proportional to the small parameter in actuator’s dynamics.
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